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THEORETICAL BACKGROUND FOR THERMIONIC CONVERSION 
INCLUDING SPACE-CHARGE THEORY, SCHOTTKY THEORY, 
AND THE ISOTHERMAL DIODE SHEATH THEORY 
by Wayne B. Nottingham* and Roland Breitwieser 
Lewis  Research Center 
SUMMARY 
A t heo re t i ca l  background t o  the  analysis  of thermionic converter perform- 
The areas of theory t r ea t ed  include (1) space-charge theory ance i s  presented. 
f o r  the  case where e i the r  e lectrons or ions a re  the  predominant charge ca r r i e r s ,  
( 2 )  Schottky mirror image theory f o r  ion and electron emission, and (3 )  Fowler 
theory applied t o  a plasma i n  equilibrium with an emitt ing surface, t r ea t ed  i n  
terms of the  r e l a t i o n  of the  plasma poten t ia l  t o  surface poten t ia l s  and i n  terms 
of the  character of the  sheath. Included a r e  various graphical and tabulated 
aids  t o  the  analysis  of  cesium f i l l e d  thermionic converters. Simplicity of 
theory and assumption i s  emphasized so  as t o  yield convenient ana ly t i ca l  t oo l s  
f o r  the  f i rs t  order examination and treatment of thermionic converter data. 
I. - INTRODUCTION 
Stimulated by the  need f o r  an energy conversion system t h a t  minimizes the  
weight per kilowatt ,  t h e  d i r ec t  conversion of heat t o  e l e c t r i c i t y  by thermionics 
has been intensively investigated i n  many research centers f o r  t he  past  several  
years. As a pa r t  of t h i s  e f f o r t  many excel lent  de ta i led  analyses and experimen- 
t a l  s tudies  of thermionic processes have been developed. Experience has shown 
t h a t  knowledge of space -charge, Schottky, Fowler ( sheath), and isothermal diode 
theories  a re  required for many phases of t h i s  thermionic converter research. A 
series of lec tures  by the  authors covering these ana ly t i ca l  areas  has been com- 
bined and i s  the framework of t h i s  report .  
Space-charge theory i s  reviewed for t he  case where the  charge c a r r i e r  i s  
predominantly of one sign. This theory appl ies  d i r e c t l y  t o  the  vacuum diode and 
of ten can be extended t o  the  analysis  of t he  performance of the  plasma diode. 
The Schottky theory of the  transmission of e lectrons i n  strongly accelerat ing 
f i e l d s  is  reviewed, and simplified r e l a t ions  a r e  developed. A b r i e f  review of 
t he  theory of the  isothermal diode and guides t o  i t s  appl icat ion are presented. 
Reference is  made t o  the  Fowler space-charge theory i n  the  isothermal diode 
analysis.  The Fowler theory i s  used t o  describe the  poten t ia l  var ia t ion  of t h e  
plasma sheath between t h e  conductor surface and t h e  isothermal plasma. 
The primary in ten t  of t h i s  report  is  t o  translate these well-known theo- 
r e t i c a l  developments i n t o  a form amenable t o  t r e a t i n g  experimental data. Review 
and, on occasions, modified development of theory have been included s o  t h a t  t he  
l imitat ions of theory a re  thus established. It is  f e l t  t h a t  t he  ana ly t i ca l  ap- 
proaches suggested can serve as important a ids  t o  the  understanding of p r a c t i c a l  
*ssachusetts I n s t i t u t e  of Technology, deceased, 1964. 
thermionic converters despite t he  f a c t  t h a t  experimental conditions seldom f i t  
the  spec i f ic  boundary condi t ions-set  by theory. 
11. - GENERAL DESCRIPTION OF SPACE-CHARGE PROBLEM 
The equations t o  be swamarized i n  t h i s  sect ion apply t o  e i the r  e lectron 
or ion emission across a diode. The i n i t i a l  formulation relates t o  the  current-  
voltage curve t h a t  describes the  del ivery of e lectrons t o  a col lector  i n  absence 
of any ions. The analysis  assumes the  e m i t t e r  and co l lec tor  work functions are 
uniform, the  surfaces are pa ra l l e l ,  i n f i n i t e  planar areas exis t ,  and the  temper- 
a tures  a re  known. The various ranges of i n t e r e s t  are shown i n  the electron po- 
t e n t i a l  diagrams ( f ig s .  II : l(a) t o  ( c ) )  and the  corresponding current-voltage 
curve ( f ig .  I I : l ( d ) ) .  Figure I I : l ( b )  is  a typ ica l  po ten t i a l  diagram i n  the  
space-charge range. Figures II : l(a) and (b)  represent t h e  poten t ia l  d i s t r ibu t ion  
a t  the l i m i t s  of the  space-charge range. The e lec t ron  poten t ia l  diagram of 
spec ia l  importance i n  shown i n  f igure I I : l (a)  i n  which the  interelectrode poten- 
t i a l m e r g e s  with co l lec tor  po ten t ia l  with zero slope. This i s  a c r i t i c a l  condi- 
t i o n  o f  zero f i e l d  a t  the  col lector  and serves t o  separate the "space-charge 
range" from the  "Boltmann range" and i s  iden t i f i ed  as the  Maxwell-Boltmann 
l imi t  (MBL). The applied poten t ia l  a t  t h i s  Maxwell-Boltmann l i m i t  i s  ident i f ied  
by V ~ L .  The co l lec tor  work function cp2 i s  defined as the  difference between 
the  co l lec tor  Fermi l e v e l  and surface potent ia l .  Thus, t he  surface poten t ia l  
'PIVBL 
poten t ia l  VMBL and cp2. Over t h e  range of voltage more negative than t h i s  
l imit ing value V ~ L ,  the  current observed is  a d i r ec t  measure of the  t o t a l  out- 
flow of e lectrons from the  emitter t h a t  have a su f f i c i en t  energy t o  overcome the  
surface ba r r i e r  a t  the  col lector .  The s t r a igh t  l i n e  portion of t he  logarithm of 
the  current p lo t ted  against  voltage is  t h i s  Boltmann range ( f ig .  II:l(d)). The 
equation t h a t  r e l a t e s  t h i s  current t o  the  applied voltage i s  the  following form 
of the  Richardson-Dushman emission equation: 
r e l a t i v e  t o  the  emit ter  Fermi l e v e l  i s  equal t o  absolute sum of the  applied 
(113) 
The equation i s  wr i t ten  i n  i t s  general form. The s ign convention used i s  as 
follows: the  work function cp i s  always t r ea t ed  as a posi t ive quantity. When 
the  Fermi l e v e l  of the  col lector  is  negative with respect t o  the emitter (d i s -  
placed downward i n  f i g .  II : l(a) ) , the  applied voltage i s  negative and can- 
ce ls  the  negative s ign i n  the  parenthesis i n  equat ion(I1: l ) .  
( ( ~ 2  - VB) represents  t he  surface ba r r i e r  a t  t he  co l lec tor  t h a t  suppresses e lec-  
t ron  f l o w  from the  emit ter  and is  therefore  referenced t o  the  emitter Fermi 
level .  can be determined 
d i r ec t ly  from the  current density -JB and applied voltage VB. The emit ter  
temperature may a l s o  be obtained from the  s t r a igh t  l i n e  portion of the logarithm 
of current of a p lo t  such as f igure  I I : l ( d ) .  Noting t h a t  T appears i n  the  
exponent i n  equation (II:l), it then f o l l o w s  d i r e c t l y  t h a t  emitter temperature 
can be established a t  any a r b i t r a r y  current r a t i o  
VB 
The quantity 
It follows t h a t  a t  a given emitter temperature, cp2 
( I I : 2 )  
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(a) Typical potential at Maxwell- 
Boitzmann l im i t  (start of space- 
charge region VB i s  equal to 
to  VMBL; i f  voltage is  more nega- 
tive, Boltzmann range i s  en- 
tered). 
(b) Example of potential i n  
space-charge region. 
(c) Example of potential w i th  
zero field at emitter (cor- 
responds to saturation cu r -  
ren t  condition). 
L Z e r o  field at emitter 
and t r u e  saturation 
c 
E L ‘-Maxwell-Boltzmann l im i t  
I Boltzmann range 
1,’ 
u 
-1 0 1 
Applied volts o n  collector ( i l lustrat ive) 
(d) Current-voltage curve. 
Figure ILL - Ranges of interest in space-charge analysis of planar diode. 
Various current r a t i o s  may be used. For example, a convenient current r a t i o  of 
3.197 r e s u l t s  i n  
As  t he  applied voltage VB i s  changed t o  make the  surface poten t ia l  less 
negative, the  l i n e a r  portion of the  logarithmic current-voltage curve terminates 
( f ig .  II : l(a)) .  
the  Maxwell-Boltmann range and the  onset of t he  space-charge condition. A t  
s t i l l  s m a l l e r  negative surface potent ia ls ,  t he  space-charge minimum moves toward 
t h e  emitter. 
shown i n  f igu re  I I : l ( b ) .  
i s  posi t ive with respect t o  t h a t  of t h e  emitter,  t h e  current i s  determined by 
t h e  space-charge ba r r i e r ,  which i s  more negative than t h e  emit ter  surface po- 
t e n t i a l .  
i s  associated with t h e  zero slope of t h e  poten t ia l  at  t h e  emitter surface 
(f ig .  I I : l ( c ) ) .  
This i s  the  aforementioned c r i t i c a l  condition of the l i m i t  of 
A t y p i c a l  po ten t ia l  d i s t r ibu t ion  i n  t h e  space-charge range i s  
Here, although the  surface poten t ia l  of t h e  co l lec tor  
The l i m i t  of t h e  space-charge range i s  a l so  shown i n  t h e  diagram and 
The saturat ion emission capabi l i ty  of t he  emitter can only be 
3 
measured a t  t h i s  condition of zero f i e l d  a t  the  emit ter .  The observed current 
(at zero f i e l d )  can be used t o  determine the  work funct ion of the  emit ter  by the  
standard form of the  Richardson-Dushman equation 
( I I :4 )  
Space-charge theory appl ies  spec i f i ca l ly  t o  t h e  range of applied voltage 
f o r  which the  surface poten t ia l  of t he  co l lec tor  is  var ied between t h a t  of t he  
Maxwell-Boltzmann l i m i t  and t h a t  of zero f i e l d  a t  the  emitter.  The theory may 
be applied t o  e i t h e r  ions or electrons if proper recognition of charge, pa r t i c l e  
mass, and po ten t i a l  i s  made. A surface po ten t i a l  a t  the  Maxwell-Boltzmann l i m i t  
depends on the  spacing, emitter temperature, and t o  some extent on the  emitter 
work function. If these quant i t ies  a re  known then the  applied poten t ia l  re- 
quired t o  e s t ab l i sh  zero f i e l d  a t  the  emit ter  may be computed. The las t  point 
is  of pa r t i cu la r  i n t e r e s t  since it appl ies  t o  the  evaluation of ion current 
production a t  a heated surface i n  the presence of an e a s i l y  ionized gas such 
as cesium. The space-charge r e l a t ions  a re  a l s o  obviously of value i n  determining 
the  emitter work function f rom the  iden t i f i ca t ion  of zero-f ie ld  emission current.  
Diodes of grea tes t  i n t e r e s t  t o  thermionic conversion must necessar i ly  com- 
bine the  influence of  both electrons and ions. 
noncollisional space-charge theory limits the  quant i ta t ive assessment of the  
propert ies  of t he  e m i t t e r  and the  co l lec tor  surface t o  data  'obtained a t  extremely 
close spacing. A s  the  spacing increases beyond a few microns, plasma conditions 
develop and current-voltage charac te r i s t ics  are generated t h a t  follow the  qual- 
i t a t i v e  fea tures  associated with the  basic space-charge theory, but current-  
voltage cha rac t e r i s t i c s  have t o  be associated with an "effective spacing" con- 
s iderably l e s s  than the  ac tua l  interelectrode spacing. 
The use of the  "unicharge", 
Data obtained near t he  Maxwell-Boltzmann l imi t  often a re  l e s s  d i s tor ted  
by plasma e f f ec t s  than data  obtained near sa tura t ion  current condition. 
the space-charge theory reviewed here i s  being adapted t o  determine (1) emission 
capabi l i ty  of an  emit ter ,  ( 2 )  information on l imi t ing  ba r r i e r s  other than the  
surface ba r r i e r ,  and (3) e f fec t ive  spacing, by t h e  method of indexing the  
solut ion of the  space-charge problem t o  the  Maxwell-Boltzmann l i m i t .  The r e s u l t s  
on ba r r i e r s  and spacings apply t o  both electrons and ions. The evaluation of 
the  ba r r i e r s  and spacing hopefully should lead t o  a b e t t e r  understanding of the 
properties of t he  conducting plasma i n  the  interelectrode space of p rac t i ca l  
energy converters . 
Thus, 
I11 - LA.NGM7JI.R SPACE-CHARGE EQUATION 
Langmuir ( r e f .  1) and others ( r e f s .  2 t o  4) have presented and evaluated 
the  basic  d i f f e r e n t i a l  equations r e l a t i n g  emit ter  temperature, charge-to- 
pa r t i c l e  mass r a t i o ,  current flow across a diode t o  the  po ten t i a l  as a function 
of distance. 
Maxwell-Boltzmann d i s t r ibu t ion  function, t he  Boltzmann r e l a t ion ,  and conserva- 
t i o n  equations. 
w i l l  not be repeated here. 
less parameters , 
The space-charge formulation involves Poisson*s equation, the  
The der ivat ion i s  given i n  the  aforementioned references so  it 
The generalized solut ion makes use of the  dimension- 
4 
( I11 : 1) 
(I11 : 2 )  
(III:3) 
where 
ions. The value of x can be obtained conveniently by a nomographic solut ion 
presented i n  f igure  1II:l. 
K i s  6 . 5 ~ 1 0 ~  f o r  e lectrons or i s  1 . 4 4 2 ~ 1 0 ~  f o r  s ingly charged cesium 
The basic  d i f f e ren t i a l  equation (ref. 2, f o r  example) is 
(I11 : 4) 
where P is the  well-known "probabili ty i n t e g a l " .  The plus  s ign i n  equation 
( I I I : 4 )  i s  used i n  the  emitter region ( i . e . ,  t he  region between t h e  space-charge 
minimum and t h e  emitter), and t h e  negative s ign appl ies  to t he  co l lec tor  region. 
The equation can be integrated once to y ie ld  a r e s u l t  su i t ab le  f o r  numerical 
integration. The numerical solutions f o r  both regions a re  given i n  t ab le  1II:l 
and are essent ia l ly  equivalent t o  t he  values given i n  references 2, 4, and 5; the  
small differences r e f l e c t  t he  difference i n  the  numerical computing procedures. 
Figure I I I : 2  i s  a graphical representat ion of t ab le  1II:l. The shortcoming 
of the solut ion i n  the  form shown i n  f igure  I I I : 2  i s  t h a t  the  dimensionless pa- 
rameters a re  referenced to the  space-charge minimum and a re  not obviously r e l a t ed  
to experimentally observable quant i t ies .  
r en t  condition correspond t o  zero f i e l d  a t  the  co l lec tor  (space-charge minimum 
a t  co l lec tor  surface) and zero f i e l d  (minimum) a t  emitter,  respectively. 
zero-field conditions a t  the  surfaces immediately r e l a t e  the  poten t ia l  distribu- 
t i o n  i n  the  interelectrode space to the  applied voltage and are  therefore the 
log ica l  s t a r t i n g  points  f o r  space-charge analysis.  
A s  discussed previously, t he  Maxwell-Boltmann l i m i t  and the  saturat ion cur- 
The two 
A graphical representat ion of t he  space-charge re la t ions  is  gi.ven i n  f i g -  
ure III:3. The form i s  similar t o  f igure 1I:l; however, po ten t ia l  and d i s -  
tance are represented i n  dimensionless uni t s .  The r e l a t ion  between surface po- 
t e n t i a l ,  work function, and Fermi level is  as before, except the  po ten t i a l  d i f -  
ferences have been divided by kT/q t o  make them dimensionless. The p o t e n t i a l  
d i s t r ibu t ion  f o r  zero f i e l d  a t  t h e  emitter i s  completely described by curve C-R 
( f ig .  III:3), which i s  the  generalized solut ion of t he  space-charge conditions 
i n  the  co l lec tor  region. The loca t ion  of the  col lector  surface i s  es tab l i shed  
by the values of J, T, and w ( i .e . ,  t he  dimensionless distance X). 
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7 112 '' 442x10 
+x = ,.314 for  s ingly charged cesium ions 
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Figure 1II:l. - Solutions of dimensionless distance parameter for singly charged cesium ions and electrons in  ideal planar h igh  vacuum diode. (Rela- 
t ions among c u r r e n t  density, temperature, spacing, and zero field at collector surface are established for emitter of unl imited emission capability i f  
nomographic solution is indexed at A or  B (x column) for  ions and electrons, respectively. 1 Use on ly  L o r  R columns for c u r r e n t  density and 
spacing. 
Conditions other than zero f i e l d  a t  the  emit ter  can be represented by the  
generalized space-charge curve ( f ig .  III:2) displaced s o  t h a t  t he  poten t ia l  
curve corresponding t o  t h e  emitter region passes through the  point corresponding 
t o  the  surface po ten t i a l  ba r r i e r  a t  the  surface of t he  emitter. 
Several qua l i ta t ive  observations can be made with regard t o  f igure  III:3. 
Perhaps the  most s ign i f icant  is  the  f a c t  t h a t  t he  space-charge minimum must l i e  
on a s ingle  curve (curve E-R) f o r  a l l  possible space-charge conditions. Curve 
E-R is the  numerical solut ion of the  space-charge r e l a t i o n  (eq. III:4) i n  t he  
emitter region and thus provides the  means of ana ly t i ca l ly  coupling the  space- 
charge solut ion t o  t h e  surface. 
achieved by using a procedure based on the  simple graphical analysis  of space- 
charge problems. 
Visualization of t h i s  r e l a t i o n  is  perhaps best  
6 
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TA6I.E 1II:l. - NUI.F.RICAL SOLUTION TO LANGMUIR EQUATION FOR SPACE CHARGE 
( a )  I n  e m i t t e r  s p a c e  (eq.  
D l r w n s i o n l e s s  
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(b) I n  c o l l e c t o r  s p a z e  ( e q .  
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Figure 1II:E - Space-charge potential distribution. 
A "template"' can be made t o  represent t he  generalized space-charge solution 
corresponding t o  the  form given i n  f igure  .111:2. 
t h e  emitter t h e  space-chmge minimum of the  template must coincide with the 
po ten t i a l  a t  t he  surface ba r r i e r ,  f o r  example, point 1 i n  f igure  I I I :3 .  The 
poten t ia l  d i s t r ibu t ion  i n  t h e  interelectrode space can then be drawn and must 
l i e  on curve C-R. By noting t h a t  t he  generalized space-charge curve must always 
cross the  surface a t  point 1, the  "space-charge template" then may be sh i f t ed  
S tar t ing  with zero f i e l d  a t  
t o  correspona t o  ever increasing space-cnarge Darriers.. (Gooralnates must 01- 
course be maintained p a r a l l e l ) .  
described by t h e  pos i t ion  of the  m'nimum. 
r ie r  becomes la rger ,  therefore d i s to r t ing  the  real  distance feature  of t he  
po ten t i a l  curve.) 
po ten t i a l  d i s t r ibu t ions  have been constructed by t h i s  procedure and are i l l u s -  
t r a t e d  i n  f igure  III:3 (p t .  2 '  curve 11, pt .  3' curve 111, etc .  ). I n  the  pro- 
cess of sh i f t i ng  t h e  space-charge template from the  zero-field condition t o  
curve X I 1 1  ( for  example), t h e  space-charge minimum w i l l  t r ace  out curve E-R, 
which as indicated before i s  the  emitter region branch of t he  generalized space- 
charge curve. From the  nature of t he  emitter region space-charge solution, t he  
locat ion of the  space-charge minimum cannot exceed a value of  X = 1.806: Thus 
not only is  the  loca t ion  of the  minimum completely described but a l s o  the  limits 
of X, = 0 and 1.806. Curve E-R a l s o  represents  a l l  possible locat ions of t he  
The magnitude and locat ion of t he  b a r r i e r  are 
(The reader should note t h a t  dimen- 
s ionless  distance X contains J1 7 2, which decreases as the  space-charge bar- 
Examples of t he  locat ion of t h e  minimum and corresponding 
8 
I 
Figure III:3. - Generalized space-charge potential distributions. 
9 
I 
col lec tor  surface i n  terms of dimensionless distance a t  t h e  Maxwell-Boltzmann 
l i m i t ,  s ince by de f in i t i on  zero f i e l d  a t  the  co l lec tor  must exist a t  t h i s  l imi t -  
ing condition. 
If distance,  sa tura t ion  current,  and temperature a re  held constant 
= constant)  while applied voltage is  varied,  then it i s  possible to 
uniquely e s t ab l i sh  the  current at the  Maxwell-Boltzmann l i m i t  and thus X E , ~ L .  
The r e l a t ed  quant i t ies  * E , ~ L  and difference i n  surface poten t ia l  between 
sa tura t ion  current and the  current at t he  MBL condition (*c,o + *E,MBL) follow 
d i rec t ly .  The general  procedure employed is  perhaps best  i l l u s t r a t e d  by example. 
L e t  t he  saturation current,  distance,  and temperature correspond t o  a value of 
% 0 
Boitzmann condition ( i . e . ,  zero-field condition a t  the  co l lec tor )  the  current w i l l  
be inhibi ted by t h e  space-charge ba r r i e r ,  which is  ident i f iab le  since the  ba r r i e r  
is  a t  the  co l lec tor  surface. The ba r r i e r  height i s  
i n  current i s  determined from the  Boltzmann r e l a t i o n  
represented by point 3 on curve C-R figure III:3. A t  the  Maxwell- 
%,MBL, and the  reduction 
T 
( I I I : 5 )  
Numerical or graphical i t e r a t i o n  quickly determines the  value of 
must l i e  on the  XE curve) t h a t  satisfies equation ( I I I :5 )  and the  XE,TE 
space-charge re la t ion .  Point 3' is thus uniquely established. In  a s imilar  
sense point 2 corresponds t o  point 2 '  or f o r  l a rger  values of Q,o point 4 
corresponds t o  point 4', 5 t o  5 ' ,  and so  for th .  
(point 3' 
Further de ta i led  developments of  the  r e l a t i o n  between the  two zero-field 
conditions and the  parametric re la t ions  involving current,  distance,  temperature, 
and m a s s  t o  charge r a t i o  a re  given i n  sect ion IV. 
It again should be noted t h a t  t he  key t o  the  numerical solut ion of the  
space-charge problem i s  based on the  two zero-field conditions, when the  space- 
charge ba r r i e r  e x i s t s  a t  the  emitter and a t  the  col lector .  A l s o  it i s  in t e re s t -  
ing t o  note t h a t  as $E m~ approaches in f in i ty ,  X E , ~ L  possesses a l imi t ing  
value of 1.806. For a l l  p rac t i ca l  purposes when h,m~ i s  greater  than 10, 
X E , ~ L  has approached the  l imi t ing  value. 
sect ion V I 1  i n  t h e  development of a universal  unlimited current-voltage curve. 
Use w i l l  be made of t h i s  f a c t  i n  
IV - ANALYTICAL D E V E L O ~ N T  O F  SPACE-CHARGE RELATIONS 
Assume t h a t  i n  a hypothetical  case, the  emit ter  temperature, spacing, and 
current a t  the  Maxwell-Boltzmann l i m i t  a r e  known and the  objective is  t o  deter-  
mine t h e  sa tura t ion  current. The dimensionless distance %,mL is now defined 
since 
(IV:l) 




+E,MBL 1 1 :  +E,M 
1 -  
All + quantities 
are positive up- 




Typical locations of collector sur-  
face (in un i t s  of dimensionless 
distance) in  space-charge region, 
that  is, from zero field at collec- 













Dimensionless distance, x = KJ1’2x/T3’4 
Figure Ikl. - Typical t rans i t ion potential diagrams in space-charge region. 
space-charge r e l a t i o n  ( tab le  I11 : 1( a )  f o r  example ) . A s  the  applied voltage i s  
made more posi t ive ( fo r  e lec t rons) ,  the  poten t ia l  d i s t r ibu t ion  var ies  a s  shown 
i n  f igure 1 V : l .  The co l lec tor  locat ion i n  un i t s  of X s h i f t s  t o  the  r igh t  
because of the  increase i n  current.  The space-charge ba r r i e r  s h i f t s  from the  
co l lec tor  surface (curve A)  i n to  the interelectrode space (curves B, C, D, and 
E )  and f i n a l l y  intercepts  t he  emitter surface (curve F). 
f igure 1 V : l  i s  iden t i ca l  t o  t h a t  of f igure III:3 (p. 10) except f o r  t he  in- 
creased d e t a i l  f o r  the  t r a n s i t i o n  conditions between points  3 ’  and 3. 
The s t ruc ture  of 
A s  indicated i n  sec t ion  111, current w i l l  increase up t o  JO between the  
Maxwell-Boltmann l i m i t  and t h e  sa tura t ion  condition according t o  the  following 
re la t ions :  
( m 2 )  
where Jo i s  now the  sa tura t ion  current since zero f i e l d  ex i s t s  a t  the  emitter.  
The numerical evaluation of t he  r a t i o  of 
X E , ~ L  i s  given i n  figure IV:2. 
graph i n  f igure  1II:l (p. 7)  conveniently r e l a t e s  sa tura t ion  current t o  
JO/JMBL f o r  various values of 
The combination of f igure  I V : 2  and the  nomo- 
J ~ L ,  
11 
spacing, and emit ter  temperature. XE,MBL i s  determined from the  nomograph 
( f ig .  1II:l) f o r  e i t h e r  ions or electrons,  and 
from f igure  1V:Z. 
Jo i s  subsequently established 
Additional useful  r e l a t ions  can a l s o  be determined from an extension of t he  
approach used previously. 
s ionless  distance i n  the  co l lec tor  region i s  
Since the  sa tura t ion  current is  known, the dimen- 
(IV:3) 
( A l l  terms i n  X are constant except cur ren t . )  The dimensionless poten t ia l  
a t  the  emitter surface) ,  and therefore  the  var ia t ion  i n  surface poten t ia l  i n  
i s  establ ished from xcJ0 ( the  subscript  0 again r e f e r s  t o  zero f i e l d  %,o 
12 
I 
TABLE m:l. - TABULATIONS OF VARIATION I N  APPLIED VOLTAGE ( D l h b E R E N C E  I N  
SiiRFACE POTENTIAL) THAT EXISTS bETWEEN MAXWELL-BOLTZMA" LIMIT AND 
SATURATED CURRENT CVNDITION FOR IDEAL PLANAR HIGH VACUUM DIODE 
[Tempera ture ,  d i s t a n c e ,  and  s a t u r a t i o n  c u r r e n t  c a p a b i l i t y  a r e  assumed 
c o n s t a n t . ]  
( a )  T a b u l a t i o n  f o r  even  v a l u e s  of s u r f a c e  p o t e n t i a l  
S u r f a c e  
p o t  mt i a l  
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Read a s  0.3x10-I. 
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TABLP IV:1. - C a n t l n u r l .  TABLEATTION~ OF VIIRuLTIOlr I N  A?PLEC VOLTAGE 
(DIPFCU'.X LN SIJFCFACE POTRITIAL) THRT EXISTS BEWEEI? MAA'WLL 
BOLTZEvLfi LIMIT AND SATURATED CLFtRb34IT CONDITION FOF 
IDEAL PLANAR HIGH VAcmiM DIODE 
[Temperatf la .  distance, and Baturatlon current capability a r e  assunel 
E O n 3 t e I . t .  1 
( b )  Tabulatlor for  even values Of x E , l m  (dlme~slorles. disterce 




O . I l < 7 l  
0 . 1 6 P P 8  
0.18339 
0 .19733  
0.21178 
0 .22611  
0 . 2 7 4 8 2  
0.29191 
0.30956 
0 . 3 2 7 1 2  
6 . 3 * L 4 0  
0 .36558  
0.38529 
O.qO55I 
C . 4 ( 7 7 7  
0 . 5 3 8 7 9  
0.63871 
0.86581 
0 . l 1 3 1 1  
0.12783 
0 .1 *358  
C . I h 1 1 3  
0 .16915  
0.18760 
0 .24972  
0 .21291  
C . 3 3 6 7 3  
O . G O P 3 1  
0.56611 8 5 7 6  
0.76290 









0 . 1 5 G I I  
0.16361 




(1.22 I 3 5  
0 .23543  
0 . 2 5 C S 7  
0 . 2 b l 8 8  
0.275'19 
C.29311 
C. 3 1  368 
C . 3 2 I P S  
G . 3 4 6 7 8  
0 . 1 5 8 8 2  
0.3RQ53 
0 . 4 6 C e B  
C . 4 9 7 1 1  
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0 . 1 3 l I O  
(I. 13594  
0.14978 
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0 . L B 7 l L  
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C . Z Z L 2 8  
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C . 2 6 7 0 2  
0 . 2 q h 1 6  
C.33086 
c.37100 
0 . + 2 + 5 2  
0.GB9lb 
0 . 5 7 3 0 8  
C . 6 8 1 7 9  
0 . 8 3 4 8 1  
O.IOSL2 
C . 1 1 8 6 5  
k I P S ' t l  
0.30768 
0 . 6 0 5 6 3  
0 . 1 9 4 5 0  
0.25e17 
0. r + i m  
0 .92e*8  
0 . 2 2 7 r 6  
0 . ~ 5 1 r o  
0 . 6 ~ e o z  
0 . ~ ~ ~ 7 7  
o . i r w o  
0 . 4 2 1 0 1  
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o . v T r 8 8  
o . i r 3 1 1  
0.28+78 
~ 
.ead 88 0.10034Y1 

















0 . 1 1 1 2 1  
0.1764l 
0 .18153  
0.18867 
0.19101 
0 .19696  
0.20112 
0 . 2 1 2 4 h  
0 . 2 3 3 2 6  
C . 2 5 + 2 2  
" -21536  
0.296 I" 
0.307'1'. 
c . 3 4 0 0 ,  
0.36207 
0.38138 




C . 5 3 7 7 6  
0.60162 
0 .668% 





0 .98692  
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0.11036 
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O.IIBR9 
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0.13058 
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C . 1 6 l ' r Z  




0 .19403  
0 .20251  
0.21153 
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0 . 2 3 6 8 5  
0 .25246  
0 . 2 5 4 3 0  
0 . 2 6 0 5 7  
0.27382 
0.29581 
0 . 3 1 2 1 3  
0 . 3 2 9 9 3  
0 .35990  
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0.'.07bS 
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TABLE W:l.  - Concluded. TliRITLATIONS OF VARIATION I N  APPLIED VOLTAGE 
(bli.i.ERENcE IN SlTRFACE FOTWTIAL) THAT EXISTS ETWEEN MAXXELL- 
BOLTZNANN LIMST AND SATRATED ClJRRENT CONDITION FOR 
IDEAL PLANAR H I G H  VACUUM DIODE 
[Tr'werature, distance, and saturation Current "8Dsbility are asawned 
corstant. 1 
( 0 )  Tabulation fop even values of xc,o (4i--rsiOnlees distance 
at zero f i e l d  at emitter) 
S U S a C e  
po t  entia1 
difference, 
xE,MBL+ xC, 0 
2 0.22401 
0.39111 
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?cad as 0 . 2 2 4 0 7 ~ 1 (  
Read as O.J7:06x1O3. 
Zero f i e l d  at 
emitter, 
















0.50000 E 00 
0.55000 E 00 
0.59999 E 00 
0.65000 E 00 
0.10000 E 00 
0 .15000 E DO 
O . B O O 0 O  t 00 
0.84999 E 00 
0.90000 E 00 
0.95000 E 00 
0.09999 E 01 
0.10199 t 0 1  
0.12000, E 0 1  
0.130001 E 01 
0.13999' t 0 1  
0.15000 E 0 1  
0.16000 E 01 
0.16999 E 0 1  
0.11999 t 0 1  
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going from the  Maxwell-Boltmann l i m i t  t o  sa tura t ion  i s  uniquely 
determined. These funct ional  r e l a t ions  a re  usefu l  i n  t r e a t i n g  experimental data 
and have been compiled i n  t ab le  1 V : l .  Knowledge of any one of the  terms, 
quant i t ies .  It should be noted t h a t  $ o/g,mL is equivalent t o  Jo/JmL 
and a l so  $ E , ~ L  + $c 0 corresponds t o  ;he difference i n  applied po ten t i a l  ( i n  
dimensionless vo l t s}  Chat e x i s t s  between the  Maxwell-Boltvaann l imi t  and t h e  
saturation condition. A convenient manner t o  present- the  unique r e l a t i o n  of 
t he  current voltage i n  the  space-charge region i s  shown i n  f igure  I V : 3  where the  
logarithm of J0/JmL is  p lo t ted  as a function of applied poten t ia l  
$ E , ~ L  + $C,O ( so l id  l i ne ) .  
representation of  t he  Maxwell-Boltmann l i n e  and an unlimited emission curve 
(dashed l i n e )  t h a t  w i l l  be discussed i n  sect ion V I .  
master curve discussed by Nottingham i n  reference 2. The u t i l i t y  of the  master 
curve i s  tha t ,  with a mini"  of experimental information, it permits t he  quick 
establishment of t he  r e l a t ions  between J ~ L ,  Jo, and t h e  applied voltage d i f -  
ference and a l s o  provides a s t a r t i n g  point f o r  a more de ta i led  treatment of 
space-charge theory. 
qE,m~ + $ c , ~  
%,mL, +,o, g,o/Xg,mL, or  $ E , ~ L  + $c,o, uniquely determines a l l  other 
Included i n  the  p lo t  is  the  s t r a igh t  l i n e  (dashed} 
The so l id  l i n e  i s  the  
V - APPLICATION OF MASTER CURVE 
Graphical solut ions of space-charge r e l a t ions  are achieved with the "master 
curve" by p lo t t ing  t h e  experimental current-voltage data  as the  logarithm of the  
current against  dimensionless vo l t s  on a separate sheet i n  scales  s e l f -  
consistent with f igure I V : 3 .  
of emitter temperature, which can be determined from the  slope of t he  Maxwell- 
16 
(The use of dimensionless vo l t s  implies knowledge 
1 
Boltvnann l i ne  (eq. II:2) or from d i r e c t  measurement). 
i s  sh i f ted  s o  that the  Maxwell-Boltzmann limits coincide and coordinates of the  
two sheets are p a r a l l e l  ( transparent master graphs or templates are quite useful  
f o r  t h i s  purpose). The current is  now normalized i n  the  r a t i o  form i n  terms of 
t he  ordinate of the  master curve. The experimental curve must intercept  t h e  
master curve a t  the  unique condition of zero f i e l d  a t  the  emit ter  if space- 
charge behavior ex is t s .  Thus Jo  and r e l a t ed  quant i t ies  such as work function 
can be established. The r a t i o  of Jo/JmL or t he  dimensionless poten t ia l  in- 
The master curve then 
t e r v a l  $ E , ~ L  + $ c , ~  can be used t o  ident i fy  X E , ~ L  and X r o  through 
t ab le  IV:L 
and equa- The ef fec t ive  spacing can be determined from X E , ~ L  or +,o 
t i o n  (III:2) since T, J ~ L ,  and Jo are a l so  known. A s  s t a t ed  previously, 
f igure 1II:l (p. 7 )  graphically r e l a t e s  X, w, and e m i t t e r  temperature f o r  
both ions and electrons and thus is convenient f o r  determining spacing. 
Rei terat ing,  two procedures e x i s t  by which the  sa tura t ion  current can be 
determined from the  current a t  the  Maxwell-Boltzmann l i m i t .  
knowledge of J ~ L ,  T  and w that corresponds t o  X E , ~ L ;  t h i s  i n  t u rn  defines 
the r a t i o  of Jo/JmL as given i n  f igure  I1I:l. Other r e l a t ions  such as 
and + $E a re  found d i r e c t l y  i n  table N:l by enter ing a t  Jo/JmL or 
X E , ~ L .  
quires t h a t  the experimental current-voltage data possess a saturat ion behavior 
at  a distance equal t o  the  distance t h a t  ex i s t s  when the  Maxwell-Boltmann l i m i t  
i s  determined. An intercept  technique based on transposing ac tua l  data on the  
theo re t i ca l  curve provides a so lu t ion  t o  t he  space-charge re la t ions .  Once the  
t w o  end points of the  space-charge region are  established, t r a n s i t i o n  curves of 
current-voltages between the  end points  can be determined. This is the  subject 
of the  next section. 
The first requires  
+,o 
An a l t e rna te  procedure does not require knowledge of spacing but r e -  
VI - TRANSITION CURVES IN SPACE-CHARGE REGION 
If it i s  assumed t h a t  t he  zero f i e l d  a t  the  co l lec tor  i s  established and 
t h a t  t he  space-charge re la t ions  govern t h e  current-voltage behavior up t o  the 
saturat ion condition, it i s  possible t o  es tab l i sh  the  en t i r e  current-voltage 
charac te r i s t ic  i n  t h e  space-charge t r ans i t i on  region f o r  any given set of start- 
ing conditions. The method i s  merely an extension of t he  procedure given i n  
sect ion IV and i s  based upon the  e f f ec t  of the  Boltzmann r e l a t ion  on transmitted 
current. 
Returning t o  f igure  IV: l two addi t ional  terms of use i n  the  following 
analysis  a re  the  distance from the  emitter surface t o  t h e  space-charge m i n i "  
and the  corresponding distance t o  t he  co l lec tor  xN. Then 
A s  before, the  po ten t i a l  i n  t he  e m i t t e r  space is  described by 
(V1:l) 
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(e.g., t ab l e  III:l(a), p. 7 )  and i n  the  co l lec tor  space 
% =A+,) ( V I : 2 )  
(e.g., t ab l e  I I I : l ( b ) ,  p. 7) .  
i n  the interelectrode space, the  dimensionless distance is  
I n  the  region where the  space-charge minimum i s  
Also 
( V I : 3 )  
( V I  : 4) 
( r e fe r  t o  f ig .  IV:1 f o r  an example of the  dimensionless po ten t i a l  d i s t r ibu t ion) .  
Since 
%,N = [.,MBL ( +E ’ MBL 2 - *E ’ M )]-%,M 
XM + XN = W, 
(VI:5) 
o r  
( V I : 6 )  
n 
eq.   VI:^) 
Equation (VI:6) i s  suf f ic ien t  t o  solve the  e n t i r e  space-charge t r a n s i t i o n  
curve f o r  any i n i t i a l  value of 
involves (1) s t a r t i n g  with a given XE,mL and therefore  
space-charge ba r r i e r  $,M, s l i g h t l y  less than +E,MBL, (3) establ ishing the  
corresponding value of X (4)  solving f o r  &-,N, and (5 )  determining the  
value of qC (eq. ( V I : Z ~ ; Y ’  
XE,mL. The procedure is  tedious since it 
+E,mL, ( 2 )  choosing 
> 
Knowledge of +C,N f o r  the  assumed i n i t i a l  conditions i s  su f f i c i en t  t o  
i s  known from the  s t a r t i n g  conditions through the  Boltzmann r e l a t i o n  
es tab l i sh  one current-voltage point of the  t r a n s i t i o n  curve. The current r a t i o  
J/JMBL 
(VI :  7 )  
J JMBL- ~Q(+E,MBL - +E,M) 
The surface po ten t i a l  re fe r red  t o  the  Maxwell-Boltzmann l i m i t  is  
+E,MBL - +E,M + +C,N (VI:8) 
(see f i g .  IV:l). 
repeating the  previous process for addi t iona l  incremental changes i n  + 
The remaining points of the t r a n s i t i o n  curve a re  found by 
E ,M 
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TABLE VI: 1.- I.ISTTIN0 OF L'c)oHIII::ATES FOR LUIdIIENT-WILTAGE TRANSITION CURVES I N  SPACE-CHARGE HBOION 
:uprent I Dimensionless d i s t ance  a t  MBL, xE,MBL 
0.8 I 0.9 I 1.0 I 1.1 I 1.2 I 1 .3  I 1 . 4  I 1.5 
I Surface p o t e n t i a l  referenced t o  MBL, - *E,., + *C,N 
0.09942 0.09927 0.09918 
,1978 ,1972 ,1968 
,2952 .2938 ,2930 
_ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _  
_ _ _ _ _ _ _  __.____ _ _ _ _ _ _  
_ _ _ _ _ _ _  _ _ _ _ _ _ _  -.--__- 
0.3918 0.3894 0.3880 
,5831 .5776 ,5744 
_ _ _ _ _ _ _  _ _ _ _ _ _ _  __.____ 
_ _ _ _ _ _ _  _.___-_ --.-. - 
0.7726 0.7625 0.7568 
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u n t i l  t he  l i m i t ,  where 
obtained . 
$ E , ~ L  - $E,M = 0, and thus sa tura t ion  conditions are 
Numerical solut ions of the  t r a n s i t i o n  curves ( i . e . ,  t yp ica l  current-voltage 
curves i n  the space-charge region) have been determined and are l i s t e d  i n  
tab le  V I : l .  The in t e rva l s  a r e  su f f i c i en t  f o r  t he  determination of m o s t  space 
charge dominated current-voltage charac te r i s t ics .  The r a t i o  of J/JmL and the  
corresponding value of surface po ten t i a l  difference ($E,mL - $E,M + $C,M) a r e  
presented f o r  t he  range of X E , ~ L  (current  density,  temperature, spacing, and 
charge t o  mass r a t i o )  of usual i n t e re s t  i n  space-charge solutions.  
V I 1  - LIMITING SPACE-CHARGE CURVE 
A result of i n t e r e s t  with regard t o  t he  current-voltage t r a n s i t i o n  curves 
is  the  s imi l a r i t y  of t he  current r a t i o  
conditions where X E , ~ L  approaches 1.806. If t ab le  III: l(a) (p. 7)  or f i g -  
ure 1 I I : Z  (p. 9 )  a r e  re fer red  t o ,  it can be seen t h a t ,  a t  values of 
is  nearly t o  the  l imi t ing  value (1 .799  compared t o  1.806). For a l l  p rac t i ca l  
purposes over t h e  range of voltages f o r  which $ E , ~ ~  i s  greater  than 10, the  
current across the  diode i s  independent of the  emission capabiliky .of t he  emit- 
t e r .  Surface ba r r i e r s  a r e  suppressed, space charge dominates, and the  emitter 
a c t s  as if it possesses unlimited emission capabi l i ty .  
J / J ~ L  and applied poten t ia l  f o r  those 
$E > 10, XE 
When ~ , M B J ,  i s  greater  than 10, t he  assumption t h a t  XE,MBL is  nearly 
equal t o  1.806 permits the  descr ipt ion of the  t r a n s i t i o n  curves by the  following 
approximat ion of  e quat i o n  ( V I  : 6 ) : 
This approximation i s  based upon the following: 
( 2 )  Also, XE,, 1.806 a t  $E,M near 10. 
Then 
( V I 1  : 1) 
( V 1 I : Z )  
The r a t i o  of as a function of change i n  applied poten t ia l  from the  MBL 
l i m i t  ( $ E , ~ L  - $E,M + $c,M) may be determined d i rec t ly .  
l a t ed  i n  the  last column i n  t ab le  VT:1 and correspondsto the curve labeled un- 
l imited emission i n  f igure  I V : 3  (p. 15). The unlimited emission curve provides 
an adequate representat ion of the current-voltage regions f o r  space-charge 
J/JmL 
This result i s  tabu- 
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l imited current conditions over a wide range of applied potent ia ls  and accu- 
r a t e l y  r e f l e c t s  the  current-voltage t rends during the  i n i t i a l  appl icat ion of 
accelerat ing po ten t i a l  f o r  almost a l l  cases where space-charge e f f ec t s  are of 
significance. 
V I 1 1  - REMARKS CONCERNING APPLICATION O F  SPACE-CHARGE THEORY 
It i s  generally impossible t o  separate the  electron current from the  ion 
current so t h a t  the  Maxwell-Boltzmann l i m i t  f o r  the  ion current i s  quant i ta t ively 
established. Only i n  extreme cases of high ion current density and a minimum of 
co l l i s ion  phenomena i s  the  match between theory and experiment sat isfactory.  A 
more applicable space-charge treatment of ion current deals with the  determina- 
t i o n  of the  applied voltage needed t o  reach ion sa tura t ion  a t  the  condition 
before the  onset of t he  Schottky e f fec t .  The procedure requires a reasonable 
estimate of the  saturated ion current Jo. I n  general, this i s  calculated by 
knowing the a r r i v a l  r a t e  of cesium atoms, cesium ionizat ion potent ia l ,  and the  
estimated o r  measured e m i t t e r  work function. 
modification of it may be used t o  calculate  the  ant ic ipated zero-field ion cur- 
r en t  density. 
case of cesium ions. If t h i s  value is  used along with the  other data i n  equa- 
t i o n  (1I I :Z)  or f igure  1II:l (p. 6 ) ,  the  value of %,o may be computed. 
Reference t o  t ab l e  I I I : l ( b )  (p. 7 )  es tabl ishes  the  corresponding value of 
This quantity when mult ipl ied by 
between the  surface of the  emitter and the  surface of t he  ion col lector ,  which 
must be established i n  order t o  obtain the  zero-field ion emission. This i n f o r -  
mation coupled with the  Schottky treatment of  current-voltage information ( t o  be 
discussed i n  sections IX and X) provides a useful  s t ep  i n  analyzing current-  
voltage information. 
The Langmuir-Saha equation or some 
The value of the  constant K (eq. ( 1 I I : Z ) )  is  l. 442~10~ f o r  t he  
$c,o. 
kT/q then gives the  poten t ia l  difference 
The use of t he  generalized space-charge r e l a t ions  a l so  involves the  presen- 
t a t i o n  of the  experimental data i n  a form similar t o  the master and unlimited 
emission curves shown i n  f igure  IV:3 (p. 15). The procedure previously outlined 
required transposing the  curves so  t h a t  the  Maxwell-Boltzmann limits coincided. 
The crossover of the  experimental curve with the  master curve gives zero-field 
emission and permits the  d i r ec t  determination of spacing w. Experiment has 
shown t h i s  value i s  i n  excel lent  agreement f o r  the  vacuum diode ( r e f .  2 ) .  The 
t r a n s i t i o n  curves a re  a l s o  accurately described by the  unlimited emission curve 
a t  the  i n i t i a l  values of  applied potent ia ls .  The plasma diode at extremely 
close spacing exhib i t s  space-charge behavior i n  close agreement with the  analyt-  
i c a l  predictions. If, however, as i s  t rue  i n  many cases, the  spacing i s  greater 
than a single mean f r e e  path f o r  an ion or an electron, the development of 
plasma conditions tends t o  make the  e f fec t ive  spacing considerably less than  t h e  
t r u e  one. Semiquantitative information on t h e  nature of the  ba r r i e r  i n  terms of 
height and locat ion can be obtained by the  use of t h e  space-charge re la t ions .  
The unlimited emission curve can a l so  be used as a useful  "barometer" of t he  
appl icabi l i ty  of the  space-charge relat ions.  The experimental data t h a t  c l ea r ly  
exceed the  condition of "unlimited" data  indicate  t h e  single-charge space-charge 
r e l a t ions  cannot be applied i n  a d i r ec t  fashion and sui table  adjustments must be 
made. The conditions i n  which th i s  occurs i n  the  case of e lectron transmission 
are of ten those of large ion currents. I n  the  cases where the  large ion current 
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predominates, appl icat ion of the space charge t o  t h e  ion of ten yields  useful  
information enabling a sor t ing  of e lectron and ion currents.  
I X  - GENERAL DISCUSSION OF SCHOTTKY MIRROR-IMA.GE THEORY 
Schottky (ref. 6)  w a s  one of t h e  first t o  ca l l  a t t en t ion  t o  the  mirror-image 
concept. The force ac t ing  on an e lec t ron  as it progresses from the  surface of a 
uniform conductor out t o  a point w e l l  outside of t he  conductor i s  dominated by 
the  a t t r a c t i o n  between the  e lec t ron  and the  induced surface charge of t he  oppo- 
s i te  s ign d is t r ibu ted  over t h e  conducting surface. This statement implies t h a t  
the  outside space i s  e l e c t r o s t a t i c a l l y  f ie ld- f ree  except f o r  t he  f i e l d  produced 
by the  electron or ion and i t s  induced surface charge. 
Figure 1X: lhas  been prepared t o  give an accurate scale  drawing of the  
mirror-image po ten t i a l  function. Two curves are shown: The upper curve is  the 
poten t ia l  funct ion f o r  an electron, and the  lower curve is the  poten t ia l  function 
f o r  a posi t ive ion. I n  both cases the  mirror-image force is  one which a t t r a c t s  
t he  e lec t ron  or ion t o  the  surface. Thus, e lec t ron  energy leve ls  l i e  i n  t h i s  
potential-function plane below the  electron po ten t i a l  function l i ne ;  ion energy 
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Figure IX:l. - Mirror- image potential funct ion for electrons and 
singly charged ions. 
Some ambiguity ex i s t s  i n  the  
point of termination of the  mirror- 
image po ten t i a l  function. Figure 1 X : l  
indicates  in te rsec t ion  a t  the  Fermi 
l e v e l  f o r  t h e  electron image function. 
The ion image function is  considered 
t o  be symmetrical w i t h  respect t o  the  
e lec t ron  image function. The axis of 
symmetry is  the  zero poten t ia l  l i ne .  
Figure 1 X : l  displayed the  elec-  
t r o n  and ion functions i n  the  absence 
of any ex terna l  e l e c t r o s t a t i c  f i e l d  
produced by surface and/or space 
charges. The superposition of e lec-  
t r o s t a t i c  forces  and the  mirror-image 
forces  permits t he  display of poten- 
t i a l  functions i n  the  presence of 
combined forces.  Figure I X : 2  i l l u s -  
trates the  superposition and has been 
prepared t o  show two important f ac t s .  
The first r e l a t e s  t o  the  poten t ia l  
functions with zero external  f i e l d .  
The ordinate scale  has been expanded 
a f ac to r  of 10 t o  show t h a t  a t  a d is -  
tance of 1. 4x10-8 meter, the  poten- 
t i a l  function d i f f e r s  from t h a t  a t  
i n f i n i t y  by only 0.026 electron 
vol t .  This energy is the electron 
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Figure IX:2. - Mir ror - image potential functions in presence of ion accelerating field 
of 107 volts per meter. 
v o l t  equivalent of room temperature. 
mirror-image force i s  of l i t t l e  or no consequence a t  a distance from the  con- 
ducting surface of 10-8 m e t e r  (approximately 40 t o  100 atomic r a d i i ) .  
Thus, f o r  a l l  p rac t i ca l  purposes, the  
The second f a c t  r e l a t e s  t o  the  po ten t i a l  functions associated with an ion 
accelerat ing f i e l d  of lo7  vo l t s  per meter. 
above the ion po ten t i a l  l i n e ,  shown here as a so l id  l i ne .  Similarly, t he  elec- 
t ron  energy leve ls  a l l  l i e  below the  electron po ten t i a l  l i n e  shown as the  dashed 
l ine .  Ion removal from t h e  surface is  enhanced by t h e  accelerat ing f i e l d .  The 
Again, a l l  ion energy l eve l s  l i e  
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c r i t i c a l  distance f o r  ion escape has been brought t o  approximately 0 . 6 ~ 1 0 ' ~  
meter, and the  necessary i n i t i a l  k ine t i c  energy f o r  escape has been Xowered by 
0,12 electron vol t .  
an e lec t ron  accelerat ing f i e l d ) .  
t he  locat ion of t h e  c r i t i c a l  distance and point of t h e  termination of t he  m i r r o r -  
image function permits t h e  simple superposition of t he  Schottky e f f ec t  on the  
thermionic emission, t h e  space chmge, and the  sheath r e l a t ions  t r ea t ed  i n  t h i s  
report .  
vo l t s  per meter or l e s s .  F ie ld  strengths greater  than t h i s  introduce a proba- 
b i l i t y  of e lec t ron  tunneling and are a l so  more dependent on the  nature of t he  
force function near t he  emit ter  surface. Morr i s  ( r e f .  7)  has analyzed Schottky 
(and penetration) e f f e c t s  on electron emission f o r  a mirror-image funct ion ter-  
minating on the  conductor surface at  the  Fermi level .  The comparison ( re f .  7)  
of the  terminated image function t o  t he  more usual  simple nonterminated form in- 
dicates  t h a t ,  a t  f i e l d  s t rengths  l e s s  than lo7 v o l t s  per meter, the  current den- 
s i t i e s  of the two cases deviate by only 1 percent. Field strengths greater  than 
lo7 vo l t s  per meter a re  unl ikely i n  a thermionic converter; therefore ,  the  simple 
formalism of the  Schottky e f f ec t  based upon the  nonterminated image poten t ia l  
i s  used i n  the  developnent of the  equations i n  t h i s  section. 
(The e f f ec t s  a r e  iden t i ca l  f o r  e lectrons i n  the  presence of  
The atomic scale  of t h e  dimensions involved i n  
The r e l a t i o n s  t h a t  follow axe l imited t o  accelerat ing f i e l d s  of lo7 
A s  a consequence of t he  experimental f a c t  t h a t  both electrons and ions 
leave a heated surface with a Maxwell-Boltzmann energy d is t r ibu t ion ,  it i s  pos- 
s i b l e  t o  write t h e  equation f o r  the var ia t ion  of current densi ty  produced by a 
var ia t ion  i n  the  surface f i e l d  applicable t o  both par t ic les .  This r e s u l t  ex- 
pressed i n  logarithmic form is  
I n  J = I n  J~ + ( 3. 8X10-5E1/2-) 11 606 
T 
(IX:8) 
A s  a first approximation it i s  p rac t i ca l  t o  assume t h a t  t he  e l e c t r o s t a t i c  f i e l d  
E i s  d i r e c t l y  proportional t o  the  difference i n  the  surface poten t ia l s  of the  
emitter and the  co l lec tor .  
The surface po ten t i a l  difference i s  determined from the applied poten t ia l  
by correcting for t he  contact po ten t ia l  difference ( c p  considered posi t ive only) 
(IX:9) 
The plus s ign appl ies  for an ion  accelerat ing f i e l d ,  the  minus s ign f o r  an e lec-  
t r o n  accelerat ing f i e l d .  The assumption t h a t  E i s  proportional t o  t h e  applied 
voltage corrected f o r  contact po ten t ia l  can be expressed i n  terms of geometrical 
fac tor  ident i f ied  as the  "effect ive spacing". This proport ional i ty  f ac to r  then 
appears as 
W 
e f f  
( IX : lo) 
where 
duces an accelerat ing f i e l d  f o r  t h e  p a r t i c l e  i n  question. After t h i s  subs t i tu -  
t i o n  i s  made i n  equation ( I X : 8 ) ,  it may be wr i t ten  i n  e i the r  of the  following 
forms: 
VB ( the applied poten t ia l )  i s  t r ea t ed  as a posi t ive quantity if it pro- 
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o r  
[" - ('vClr'2 11 606 
T I n  J = In Jo + 3.8~10~~ Weff 
( 1 X : l l )  
loglo J = loglo Jo + 1.65x10-5 ['B - ('vc)]l/z 11 606 ( I X  : 1 2 )  
Weff T 
These equations suggest t h a t  the  logarithm of the  current density should be 
p lo t ted  as a function of t he  square roo t  of t he  applied voltage (corrected f o r  
contact po ten t ia l  difference)  divided by the  electron vo l t  equivalence of t e m -  
perature. If a s t r a igh t  l i n e  r e su l t s ,  it i s  then j u s t i f i e d  t o  assume t h a t  t h e  
l i nea r  r e l a t i o n  expressed by equation ( 1 X : l O )  i s  applicable. Field d i s to r t ion  
which r e s u l t s  from geometrical f ac to r s  only does not i n t e r f e re  w i t h  t he  l i n e a r i t y  
of t he  p lo t  but simply gives an unrealistic value of weff. Space-charge e f f ec t s  
a re  the  most  serious and the  most d i f f i c u l t  t o  include i n  the  analysis  since 
then E w i l l  be a nonlinear function of V. If the  space charge i s  due t o  the  
ions or electrons being measured, the  f i e l d  i tself  w i l l  always be weaker than 
t h a t  computed from geometrical considerations. If the  space-charge present is  
of the  opposite sign, then the  f i e l d  w i l l  be stronger than would be computed by 
equation ( 1 X : l O ) .  Both of these e f f ec t s  become l e s s  important at higher values 
of applied voltage. This can be seen i n  f igure  I X : 3 ,  which i s  a typ ica l  
"Schottky plot" of Cesium ion emission observed i n  a thermionic converter oper- 
a t ing  a t  voltages corresponding t o  a strong ion accelerat ing f i e l d .  
imate t o  apply equation ( 1 X : l Z )  t o  data  of t h i s  type by drawing a s t r a igh t  l i n e  
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Figure IX:3. - Typical Schottky plot of cesium ion  emission from tungsten emitter 
in planar thermionic  converter. Emitter temperature, 1472" K; cesium reser- 
vo i r  temperature, 470" K; 91 - 'p2= 1. 
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through the  higher voltage data  and extrapolat ing t h e  l i n e  t o  zero voltage 
(based on surface po ten t i a l  difference).  The value of loglo J is thus estab- 
l ished. The slope of t he  l i n e  gives the  value of spacing. This may be expressed 
e x p l i c i t l y  as 
(IX:13) 
I n  t h i s  equation, S 
used; t h a t  is, 
i s  the  slope of +the s t r a igh t  l i n e  &awn when loglo J is  
(IX:14) 
X - CONCLUDING REMARKS C O N C m N G  USE OF SCHOTTKY TNEORY 
Although the  theory reviewed i n  the  previous sect ion of t h i s  report  has 
generally been applied t o  e lectrons,  it i s  equally va l id  as it appl ies  t o  ions. 
The theory is  most l i k e l y  t o  be of value i n  the  treatment of ion currents i n  the  
analysis  of voltage-current curves taken i n  a plasma diode. 
t he  emitter temperature t o  the  c e s i m  bath temperature is less than 2.9, the  
sheath condition a t  the  emitter is generally e lectron r ich .  Ion current data 
taken i n  a very c lose ly  spaced diode and with applied poten t ia l s  approximately 
2 vo l t s  more negative than t h e  open-circuit voltage i n  t h i s  e lectron-r ich region 
follow the  Schottky theory quite well. The slopes a re  very consistent with the  
ac tua l  spacing. The extrapolation of t he  l i n e  t o  e s t ab l i sh  the  zero-field con- 
d i t i on  yields  information by which a comparison can be made with the  Langmuir- 
%ha theory of ionization. This method of analysis  applied t o  spacings t h a t  
a r e  Large compared with the  mean free path of the  ions of ten r e s u l t s  i n  a nearly 
s t r a igh t  l i n e  display of t h e  data, and yet  the slope of t h e  l i n e  i s  far i n  ex- 
cess of t h a t  an t ic ipa ted  from geometrical considerations. Thus an abnormally 
s m a l l  value of  Weff i n  comparison with the  ac tua l  value i s  interpreted as a 
d i r ec t  indicat ion t h a t  a "plasma" or "col l i s iona l"  condition has developed i n  
the  interelectrode space. The f i e l d  i s  no longer d i r e c t l y  proportional t o  the  
applied voltage but i s  g rea t ly  d is tor ted  by the  presence of space-charge and 
co l l i s iona l  e f fec ts .  The observed current fa l ls  very much more rap id ly  with a 
change i n  voltage and therefore  corresponds t o  a much steeper slope of the  
Schottky l i n e  than can possibly be j u s t i f i e d  on the  Schottky theory basis.  Such 
an analysis  s t i l l  has value i n  t h a t  t he  experimental r e s u l t s  cas t  i n  t h i s  form 
c l ea r ly  i l lustrate that t h e  flow of ions i s  inhibi ted by t h e  presence of t he  
atoms i n  s p i t e  of t he  f a c t  t h a t  an ion accelerat ing f i e l d  i s  presumed t o  e x i s t  
across the  en t i r e  interelectrode space. 
When the  r a t i o  of 
The Maxwell-Boltmann portion of the  log  - current-voltage curve is  usual ly  
l i nea r  over several  orders of magnitude of current f l o w  i n  a well-controlled 
vacuum diode experiment. Subsequent in te rpre ta t ion  of t he  space-charge region 
leading t o  the determination of emit ter  and co l lec tor  work function i s  quite 
d i r ec t  by the  techniques described i n  the  earlier sect ions of t h i s  report .  
presence of ion currents even though small d i s t o r t s  t he  Boltzmann l i n e  and in-  
The 
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t e r f e re s  with t h e  “single-charge” in te rpre ta t ion  of t h e  net  current results. 
first s tep  i n  the reduction of t he  net current data (where +J << -J) i s  the  
use of the  Schottky analysis  t o  determine the  zero-field ion current. If t h i s  
value and other terms i n  
the  net current can be corrected d i r ec t ly  f o r  the  ion current contribution. As  
t he  accelerat ing po ten t i a l  i s  reduced and the  simple corrections become more 
inaccurate, t he  large e lec t ron  current w i l l  usual ly  dominate and mask the  un- 
ce r t a in t i e s  i n  r e f l ec t ion  and space-charge e f f ec t s  on ion currents. 
A 
x indicate the  ion space-charge e f f ec t  i s  minor, then 
X I  - REVIEW OF SHEATH AND PLASMA THEORY OF ISOTHERMAL DIODE 
Voltage-current curves of a cesium plasma diode operated a t  extremely close 
spacing are quite r ead i ly  interpreted i n  terms of conventional formulations 
based on the  Richardson-Dushman emission equation, Langmuir-Saha (ref. 8)  ion 
production probabi l i ty  equation, conventional space -charge theory, Schottky 
( r e f .  6 )  theory, and extrapolat ion of Langmuir-Taylor ( r e f .  9 )  cesium coverage 
data. It is  pa r t i cu la r ly  in te res t ing  t o  observe both t h e  ion and electron cur- 
r en t s  a t  various spacings when the  emitter temperature T and the  cesium tem- 
perature Tcs a r e  r e l a t ed  i n  terms of t h e i r  r a t i o  by 2.9 < (T/Tcs) < 3.4. 
Within t h i s  range, conditions near the  emitter go from e lec t ron  r i c h  t o  ion r ich .  
It i s  assumed t h a t  under the  l a t t e r  condition, there  i s  no d i f f i c u l t y  co l lec t ing  
the  f u l l  value of e lectron emission current avai lable  a t  t he  emitter. Experiment 
shows t h a t  over a l imited range i n  spacing, t h i s  f u l l  current i s  observed, but 
as the  spacing i s  increased t o  become comparable with the  electron mean f r e e  
path an e lec t ron  space-charge ba r r i e r  develops t o  i nh ib i t  t he  flow i n  sp i t e  of 
the  ion-rich condition near the  surface ( re f .  10).  The reverse of t h i s  picture  
appl ies  if t h e  emitter sheath i s  electron r ich.  The ion production observed a t  
larger  spacings of ten fa l l s  below t h a t  observed a t  close spacings. 
cases, it i s  believed t h a t  a plasma condition has formed close t o  t h e  emitter 
and t h a t  var ia t ions  i n  applied co l lec tor  po ten t ia l  modify t h e  col lector  sheath 
more noticeably than they do t he  electron- or ion-limiting bar r ie rs .  In  recog- 
n i t i on  of t h i s  observation the  theory of the  isothermal diode w a s  analyzed i n  
d e t a i l  ( re f .  11) so  t h a t  information on the  poten t ia l s  associated with the  
plasma could be established. A br ie f  review of the  r e s u l t s  of t he  isothermal 
analysis  i s  included t o  show how the  numerical r e s u l t s  were established. Inas- 
much as the  equations and t h e i r  derivations are  r ead i ly  found i n  the  l i t e r a t u r e ,  
the emphasis of t he  following sections w i l l  be placed upon presenting the  equa- 
t ions  i n  a form t h a t  permits quick appl icat ion t o  experimental data. The r e -  
l a t ions  involving numerical values of c e s i m  vapor pressure differ  from those i n  
reference 11 since more recent  vapor pressure data are used. 
The f i rs t  s t e p  i n  the  development of the  theory of an isothermal diode 
comes from an appl icat ion of the  %ha (refs. 8 and 1 2 )  equation, which relates 
the  concentration of ions or electrons (since these are equal) t o  the  temper- 
a ture ,  concentration of atoms, and the  ionizat ion potent ia l .  This equation i s  
I n  both 
The random current f o r  cesium ions i s  d i r ec t ly  expressible by 
qvi 1 
= - 17.51 + - 5 I n  T - 2 k ~  + - l n n  In +JP 4 ( X I : 2 )  
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Fermi level 
(a) Work funct ion equals 
plasma potential to give 
no sheath. 
(b) Work funct ion less 
than  plasma potential 
to give electron r i c h  
sheath. 
(c) Work funct ion greater t han  
plasma potential to give i on  
r i c h  sheath. 
Figure X k l .  - Examples of potential diagrams for three dif ferent work functions 
The random current of e lectrons i s  given by 
5 qvi 1 
4 2kT 2 
I n  -Jp = - 11.31 + - I n  T - -+ - I n  n (XI:3) 
These two current dens i t ies  a re  r e l a t ed  by the  square root  of mass r a t i o  (492) 
f o r  cesium. 
An isothermal plasma i s  generally bounded by a mater ia l  substance i n  which 
it is possible t o  i den t i fy  the  Fermi level .  A s  a r e s u l t  of the  def in i t ion  of 
chemical po ten t ia l  (e.g. , r e f .  13) and t h e  use of equation ( X I : 2 ) ,  t he  plasma 
poten t ia l ,  r e l a t i v e  t o  the  Fermi l e v e l  of the  surrounding material, i s  given by 
3 @Ji 1 25.31 + - I n  T + - - - I n  n 
4 2kT 2 
(XI  : 4) 
The diagrams of  f igure  X I : 1  i l l u s t r a t e  th ree  examples. The f i rs t  i s  the  
poten t ia l  diagram associated with the absence of any plasma sheath found when 
the  work function is  equal to the  plasma potent ia l .  I n  f igure  XI:l(b),  the 
work function i s  lower while f igure  XI: l (c)  appl ies  t o  a high work-function 
surface. 
e lectron current impinging on the  surface from t h e  plasma. 
current a t  the  boundary and any posi t ion i n  the  sheath is  always zero. 
ion current at  t h e  boundary and i n  the  sheath i s  a l s o  always zero. 
I n  each case, t he  electron emission from the  surface is equal t o  the  
The net e lectron 
The net 
Since diodes f o r  t he  thermionic conversion of heat t o  e l e c t r i c i t y  a re  never 
isothermal, the  appl icat ion of the  aforementioned r e s u l t s  is somewhat qual i ta-  
t i v e ;  thus there  i s  seldom any need t o  determine the  isothermal plasma poten t ia l  
t o  an accuracy b e t t e r  than about 1 percent. Figure X I : 2  serves t o  r e l a t e  the 
plasma poten t ia l  t o  t he  isothermal temperature and t h e  cesium atom densi ty  ex- 
pressible  i n  terms of t he  corresponding cesium condensation temperature. For 
more accurate results, a very simple formula may be used with the  help of the  
correlat ion chart  given as f igure  XI:3. 
co l l i s iona l  t ransport  i n  t he  interelectrode space. The equation t o  be used 
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Both approaches are based on non- 
4. Or
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Figure XI:2. - Plasma potential as funct ion of surface temperature 
and cesium reservoir temperature. 
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Figure XI:3. - Correlation char t  for  f(TCs) as funct ion of cesium reservoir temperature used in equation 
(XI:6) (p = 1. 799 + f(TCs)Tx10-3, V)  for computation of isothermal plasma potential referenced to Fermi level. 
with t h i s  char t  i s  - 
v p = 1.799 -1- f ( T C s )   'I' 
1000 
X I 1  - FOWLER P0"TIAL FUNCTION IN SHEA.TH 
(XI:6) 
The Fowler (ref. 14) so lu t ion  of the  space-charge equation i s  used t o  give 
a determination of the  d i s t r ibu t ion  i n  po ten t i a l  i n  the  t r a n s i t i o n  region between 
the  surface of t h e  surrounding conductor and t h e  plasma poten t ia l  
ure XII:l defines ce r t a in  e s s e n t i a l  points. The mathematical solut ion allows 
p. Fig- 
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t h e  poten t ia l  t o  approach a value of w 
which l i e s  inside t h e  true surface a distance The de ta i led  developnent of 
t he  equations i n  this  sec t ion  i s  given i n  reference 11. The Fowler solut ion is 
simplified by the introduction of a distance parameter similar t o  the  "Debye 
distance"; the  Fowler distance differs only by a fac tor .  
given by 
by assuming a " f i c t i t i ous"  surface 
xo. 






The exact equation for t h e  distance from the  f i c t i t i o u s  surface t o  the  real  sur- 
face i s  given by 
xo is  1 . 6 8 ~ 1 0 - 7  meter, which i s  only 
20 percent l a g e r  than xl. 
VX P 
The Fowler space-charge equation ex- 
pressed i n  terms of t he  poten t ia l  function 
Vx r e l a t i v e  t o  the  isothermal plasma poten- 
t i a l  is  given by 
T 






( X I 1  : 4) 
The distance t o  a given value of the po ten t i a l  r e l a t i v e  t o  the  r e a l  surface r e -  
quires the  subtract ion of xo (eq. (XII :2) ) .  
It i s  of ten desirable  t o  know the sheath thickness so  t h a t  it can be com- 
pared with the ac tua l  interelectrode spacing. Inspection of equation ( X I 1  : 4) 
shows t h a t  a s  Vx approaches p, the  distance x approaches in f in i ty .  This 
means that there  i s  no absolutely sharp boundary t o  the space-charge sheath; 
thus some c r i t e r i o n  should be chosen to es tab l i sh  a f i n i t e  distance. One such 
p rac t i ca l  c r i t e r i o n  would be t h a t  since t h i s  quantity is  a 
good measure of thermal energy of the charged p a r t i c l e s  involved. 
ular value of the distance defines the  symbol x- and i s  given by 
IVx - pl = kT/q 
This pa r t i c -  
V 
%- = 1.99 x1 m (XII:5) 
The distance f rom the  ac tua l  surface depends on the value of xo given by 
equation ( X I I : 2 )  and may be computed by 
2 d] m ( X I I : 6 )  
exp 
If the  difference i n  po ten t i a l  across the sheath ('pl - p) i s  3kT/q o r  more, 
the approximate form of 
x- - xo = v 
equation ( X I I : 6 )  i s  given by 
Equation ( X I I : 2 )  expanded i n  se r i e s  form is 
( X I 1  : 7 )  
m ( X I 1  : 8 ) 
where 
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The er ror  i n  t h e  use of o n l y  t h e  first term of t h i s  formula is  less than 1 
cent f o r  ( c p 1  - p)q/kT = 3.5; if two terms a r e  used, t he  1 percent e r ro r  i s  
= 1.5. 
The Fowler so lu t ion  of  the  sheath analysis  a l s o  es tab l i shes  the  f i e l d  
t h e  surface 
I n  dimensional form, the f i e l d  a t  the  surface becomes 
A n  approximate logarithmic form va l id  f o r  $l > 4 is  
per- 
a t  
at  
( X I 1  : 9)  
v/m ( X I 1  : 10) 
1 
lnr&)= - 13.247 + 5 I n  np + I n  T + - { X I 1  : 11) 
X I I I - R E L A T I O N  O F  ISOTHERMAL DIODE T€EORY TO SCHOTTKY REDUCTION I N  WORK FUNCTION 
Under some conditions of operation of p r a c t i c a l  thermionic diodes, sCrong 
ion accelerat ing sheaths may form which i n  t u r n  increase e lec t ron  emission. 
increased emission may r e s u l t  i n  pa r t  from a reduction i n  work function i n  ac- 
cordance w i t h  the  Schottky mirror-image theory. The r e l a t ions  given below are 
based on equations i n  sect ions IX and X I 1  and are given i n  a form t h a t  permit 
a d i r ec t  calculat ion of "sheath" enhanced electron emission current.  
The 
A logarithmic form of equation (IX:8) i s  
( X I 1 1  : 1) 
I n  these equations, IF 
accelerat ing f i e l d  of s t rength calculated by equation ( X I 1 : l O )  or ( X I 1 : l l ) .  
The symbol Io  
This equation may be combined with equation ( X I 1 : l O )  t o  give a useful  logarithmic 
expression as 
is  the  emission current i n  t h e  presence of t he  electron 
i s  the  current densi ty  from the  emitter when the  f i e l d  is  zero. 
( X I 1 1  : 2 ) 
1 1 
4 4 kT = - 14.117 -k - I n  np + 3 I n  + 2 I n  s inh 
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A second form of t h i s  equation depends on the  use of equation ( X I I : 1 1 )  i n  equa- 
t i o n  ( X I I 1 : l ) .  This r e s u l t ,  good when (cpl - p)/(kT/q) > 4, is  
1 ” - ’ (XIII:3) 
4 4 
= - 14.463 + - I n  np + 2 I n  
To make d i r ec t  calculat ions from the  atom density and temperature without 
f i rs t  determining %, the  exact and the  approximate formulas a re ,  respect ively 
qvi 1 = - 6.216 + 16 ln - -+ I n  n + 1n s inh (kT) 8kT 2- ( X I 1 1  : 4) 
” - ’ (XIII:5) Svi 1 In In(%) N - 6.562 + - I n  % - -+ - I n  n + IO 16 (kT) 8kT 8 4kT -
XIV - CONCLUDING .REMARKS CONCERNING ISOTlERMAL DIODE THEORY 
The isothermal diode theory suffers from the  l imi ta t ions  involved i n  a l l  
equilibrium approaches. Its appl icat ion t o  a thermionic converter represents a 
major perturbation t o  the  basic  assumptions; however, since a semiquantitative 
insight  i n to  the  propert ies  of a diode can be achieved from such a simple u t i l -  
i t a r i a n  approach, i t s  judicious use i s  of value. 
The exact description of t h e  sheath region and the  equations of sheath 
thickness and surface f i e l d  have been formulated by the  isothermal diode theory. 
The r e l a t ions  would be expected t o  give a f i r s t -o rde r  approximation of t h e  sheath 
and plasma a t  the  condition where t h e  random current i s  considerably la rger  than 
the  directed current.  Such a condition could OCCUT when the  cesium pressure is  
quite high and the  T1/Tcs is i n  the  region where e lec t ron  emission is  modest. 
A similar condition can be encountered when the  diode is  operated with applied 
po ten t i a l  su f f i c i en t ly  retarded t o  inh ib i t  the  transmission of the  electron cur- 
ren t .  Houston ( r e f .  15) has indicated reasonable agreement of h i s  experimental 
data with isothermal theory a t  these conditions. 
Lastly,  a great dea l  of u t i l i t y  i s  derived from the  isothermal theory i n  
establ ishing some of t h e  propert ies  of the  plasma conditions. Its use i n  con- 
junction with the  space-charge theory helps t o  define the  conditions where tran- 
s i t i o n s  between space-charge and plasma e f f ec t s  may appear i n  experimental r e -  
sult s. 
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XV - ADDITIONAS; AIDS TO ANALYSIS O F  THERMIONIC C O I W E X m  PERFORMANCE 
Continual use of t h e  Richardson-Dushman emission equation i s  made i n  the  
analysis  of thermionic converter data. 
graphical solut ions f o r  these r e l a t ions  (see Luke (ref. 16), fo r  example); how- 
ever, t he  charts  t h a t  are avai lable  of ten  do not cover the  range of i n t e re s t  i n  
the detai l  desired. Presentation of comprehensive de ta i led  charts  t o  cover each 
s i tua t ion  involves the  obvious problem of generating excess information. There- 
fore ,  a compromise has been made. 
which i s  
Excellent char t s  exist t h a t  provide 
Solutions t o  the  Richardson-Dushman equation 
(XV:l) 
i n  terms of t he  work function have been tabulated (table XV:l) f o r  a range of 
current dens i t ies  of 10-3 t o  10-6 amperes per square meter and temperatures 
from 500° t o  3200° K. 
The exponential r e l a t i o n  between t h e  work funct ion and current density per- 
m i t s  t he  l i n e a r  display of the  tabulated results on semilog graphs i n  the  form 
shown i n  figure X V : L  
of the intercepts  of each constant temperature l i ne .  Thus the  user can se l ec t  
t he  range and scales  o f  i n t e r e s t  and quickly t a i l o r  the  charts  t o  h i s  own use. 
The tabulated solut ion provides a convenient compilation 
Cesium vapor pressure and r e l a t ed  propert ies  are a l s o  of primary in t e re s t  
Several adequate references ( re fs .  17 and 18) ex i s t  i n  thermionic conversion. 
and axe present ly  i n  use; however, recent  vapor pressure data i n  the  7000 t o  
1300' K range indicate  some s m a l l  corrections should be made, particularrly if 
thermodynamic consistancy i s  t o  be a t ta ined  f o r  cesium vapor i n  equilibrium with 
the  l i qu id  or so l id  phase. Heimel (ref. 19), i n  h i s  review of t he  thermodynamic 
propert ies  of cesium, recommends that the  following equation be used for t h e  
vapor pressure of cesium: 
-4053*30 - 0.915282 loglo T + 12.05025 (XV:2) T loglo  P (N/sq m) = 
Equation (XV:2) w a s  se lected s ince it represents a reasonable compromise among 
t h e  known thermodynamic propert ies  of cesium. 
Figure XV:l. - Typical presenta- 
t i on  of Richardson-Dushman 
equations. 
AXI a l t e rna te  expression (ref. 19) f o r  cesium 
vapor pressure based only on the  various vapor pressure 
data (including recent  work) i s  as follows: 
-3920' 38 - 0.519781 loglo T + LO. 71914 
T log10 P "sqm 1 = 
(XV:3) 
Equation (XV:3), although i n  excel lent  agreement 
w i t h  experimental vapor pressure data (least-squares 
f i t  t o  the  three-term expression), leads t o  incon- 
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s i s tenc ies  i n  the  heat of condensation of the  monomer a t  Oo K. Tabulated values 
of the  two vapor pressure r e l a t ions  a re  given i n  tables XV:2 and XV:3. Table 
XV:2 is  the  t ab le  recommended because of i t s  thermodynamic se l f  consistency. 
Table XV:3 is  included as a concession t o  those who w i s h  t o  emphasize vapor 
pressure data alone. The values given i n  table XV:3 are more consistent with 
those used i n  past  thermionic research. 
Included i n  t h e  t ab le s  a re  r e l a t ed  quant i t ies  of i n t e r e s t ,  namely, pa r t i c l e  
density, mean free path f o r  electron-neutral  co l l i s ions ,  and atom flux r a t e  i n  
terms of pa r t i c l e s  per square meter per second and i n  terms of an equivalent 
atom current densi ty  (atom flux divided by 6.24X101s). The cross sect ion used 
f o r  the electron-neutral  in te rac t ion  corresponds to a reciprocal  mean f r e e  path 
at standard conditions (Pc = 1400 em-1). 
The aforementioned t ab le s  , being based on equilibrium liquid-vapor pressure 
measurements, must be modified for use a t  t h e  conditions ex is ten t  i n  the  therm- 
ionic  converter. Exact r e l a t ions  t h a t  describe the  various propert ies  a r e  com- 
plex because of t h e  many possible interact ions t h a t  occur i n  the  plasma. 
A useful  approximate r e l a t i o n  i s  derivable from k ine t i c  theory f o r  use i n  
the  f r e e  molecule flow range. 
multiplying f ac to r  RT i s  
The r e s u l t  expressed i n  terms of a temperature 
n( interelectrode)  = 
A( interelectrode)  = 
where the  subscr ipt  C s  refers t o  measurements 




( X V : 6 )  
of the  vapor i n  equilibrium with 
the  l iquid.  
since f r e e  molecular flow is  assumed. 
The f l u x  equations t o  emitter and co l lec tor  surface a re  unaltered 
Similar correct ion f ac to r s  f o r  t he  continuum 
can be obtained. From the  perfect  gas l a w ,  there  
TCs 
T 1  
n = nCs -
condition of constant pressure 
results 
(xv: 7 )  
(XV: 8 )  
- 




The t r a n s i t i o n  between f r e e  molecule and continuum can be established by 
the  extensions of t he  previous approach but a re  of questionable use because the  
unknowns related t o  plasma e f f e c t s  would probablyaask these corrections. It 
should be noted t h a t  i n  many cases corrections due t o  poor conductance between 
the  cesium reservoir  and the  interelectrode space introduce addi t ional  cor- 
rec t ions  of the  nature i l l u s t r a t e d  previously. 
XVI - CONCLUDING REMARKS 
Thermionic converters cannot be constructed or analyzed i n  d e t a i l  by t h e  
simple theories  outlined i n  the  preceding sections. Greater a t t en t ion  t o  the  
various complex interact ions i s  required t o  achieve these ends; however, a very 
s igni f icant  s t e p  can be achieved i n  the  general understanding of the  mechanisms 
a t  play i n  p rac t i ca l  converters by the  approaches outlined. The point of view 
used i n  each sect ion w a s  t o  emphasize or develop simple r e l a t ions  d i r e c t l y  
derivable from exis ten t  theory. Simplicity w a s  emphasized because of t he  sub- 
sequent u t i l i t y  of the  r e su l t i ng  equations, t ab les ,  or f igures  i n  t r ea t ing  ex- 
perimental data. No new theor ies  or analyses have been advanced. A n  attempt 
has been made t o  c l a r i fy ,  combine, compile, and suggest how t o  use theories  and 
r e l a t ions  t h a t  a r e  the  basic  foundation of thermionic converter analyses. The 
cesium-filled thermionic converter has been emphasized, and many of the  r e l a t ions  
were numerically evaluated f o r  cesium because of t he  great promise of a cesium- 
f i l l e d  converter. Nonetheless, the  results presented are equally applicable t o  
other systems with appropriate adjustments of physical  constants. 











f i e l d  strength,  V/m 
f r ac t iona l  ionizat ion 
function 
Planck's constant, 6.6242~10-~~, J-see 
Schottky enhanced emission current,  amp 
sa tura t ion  emission current,  amp 
current density, amp/sq m 
e lectron current densi ty  a t  a r b i t r a r y  applied voltage 
current densi ty  a t  t h e  Maxwell-Boltzmann l i m i t  (zero f i e l d  a t  co l lec tor ) ,  
VB, amp/sq m 
a P / s q  m 

























random e lec t ron  current densi ty  i n  isothermal plasma, amp/sq m 
sa tura t ion  emission current density (zero f i e l d  a t  emitter) amp/sq m 
e lec t ron  sa tura t ion  emission current densi ty  (zero f i e l d  a t  e m i t t e r ) ,  
amP/sq m 
constant used i n  dimensionless distance parameter of space-charge 
re la t ions ,  (OK) 3/4/aznp1/2 
Boltmann's constant, 1.3805~lO'~~ J/'K 
pa r t i c l e  mass, kg 
par t i c l e  concentration, par t ic les /cu m 
cesium atom concentration, atorn/cu m 
cesium ion concentration, ion/cu m 
electron concentration, electrons/cu m 
= 4 Y e-y2 dy 
probabi l i ty  in tegra l ,  P( lrlk) 
cross sect ion parameter, cm-1 
pressure, N / S ~  m 
e lectron charge, 1.602~10'~~ C 
temperature r a t i o  
slope of Schottky p lo t  (eq. IX:14) 
temperature, OK 
temperature of l i qu id  cesium reservoir ,  OK 
temperature of emit ter ,  OK 
temperature of col lector ,  OK 
po ten t i a l  difference,  V 
po ten t ia l  difference between Fermi l e v e l  of co l lec tor  and Fermi l e v e l  
of emitter,  V 














ionizat ion po ten t i a l  of cesium, V 
poten t ia l  difference between emitter and co l lec tor  surfaces a t  Maxwell- 
Boltimam l i m i t ,  V 
po ten t ia l  difference r e l a t i v e  t o  isothermal plasma potent ia l ,  V 
distance between emit ter  and col lector ,  m 
e f fec t ive  distance between emitter and co l lec tor  resu l t ing  from constant 
f i e l d  assumption 
distance, m 
distance from minimum space-charge bazr ie r  t o  emitter surface ( i n  emit ter  
space), m 
distance from minimum space-charge ba r r i e r  t o  col lector  surface ( i n  col-  
l ec tor  space), m 
distance a t  which po ten t i a l  is equal t o  kT/q i n  Fowler sheath analysis ,  
m 
distance from r e a l  t o  f i c t i t i o u s  surface i n  Fowler sheath analysis,  m 
distance parameter used i n  Fowler sheath analysis ,  5 / @  
permi t t iv i ty  of free space, 8.85><10-12 C2/(N)fsq m) 
Debye lengths 
mean f r ee  path, m 
mean f r e e  path a t  Tcs, m 
isothermal plasma po ten t i a l  referenced t o  Fermi leve l ,  V 
pa r t i c l e  f l u x  density,  par t ic les / ( sq  m)  ( sec)  
pa r t i c l e  f l u x  densi ty  a t  Tcs, pa r t i c l e s / ( sq  m )  (sec) 
work function, V 
ba r r i e r  po ten t i a l  referenced t o  emitter Fermi level a t  Maxwell-Boltzmann 
l i m i t ,  V 
emitter work function, V 
col lector  work function, V 
dimensionless distance , ~ 1 / 2 x / ~ 3 / 4  
dimensionless distance i n  co l lec tor  space (see f ig .  1II:l) 
43 
dimensionless distance corresponding to XN 
dimensionless distance corresponding to zero field at emitter 
(saturated current) 
dimensionless distance in emitter space 
dimensionless distance corresponding to xM 
dimensionless distance corresponding to zero field at collector (MBL) 
dimensionless potential , qV/kT 
dimensionless potential in collector space 
dimensionless potential corresponding to XN 
dimensionless potential corresponding to zero field at emitter 
(saturated current) 
dimensionless potential in emitter space 
dimensionless potential corresponding to XM 
dimensionless potential corresponding to zero field at collector (MBL) 
dimensionless potential ( c p 1  - p)/(kT/q) used in Fowler theory 
Lewis Research Center, 
National Aeronautics and Space Administration , 
Cleveland, Ohio, October 26, 1965. 
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